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Abstract—In analog receivers, the use of matched filtering with
linear frequency modulated signals constitutes an effective means
for detecting the presence of an incoming frame as well as for
estimating the symbol timing offset (STO). However, in digital
receivers, the discrete nature of the corresponding polyphase
codes leads, under certain conditions of carrier frequency offsets,
to a significant degradation at the output of the matched filter,
which, consequently, can result in erroneous STO estimations.
Exploiting the symmetry of a reference sequence consisting of a
polyphase code and its complex conjugate, this work proposes
a new algorithm based on reversed autocorrelation (RC) to
improve the accuracy of the STO estimation obtained by matched
filtering. On the one hand, the theoretical analysis demonstrates
the superiority of matched filtering over RC in terms of detection
performance in the low signal-to-noise ratio regime. On the other
hand, it is shown by means of numerical evaluation that the RC
can efficiently resolve the STO estimation ambiguity.

Index Terms—symbol timing offset, carrier frequency offset,
polyphase code, matched filter, reversed autocorrelation

I. INTRODUCTION

Synchronization is one of the most critical procedures to
be performed at the receiver of a communication system. The
synchronizer is responsible for the detection of an incoming
frame as well as for the estimation and compensation of impor-
tant synchronization parameters, such as time and frequency
offsets.

Under additive white Gaussian noise (AWGN) channel
conditions, the optimum detector for a known deterministic
signal is the matched filter (MF). It maximizes the signal-to-
noise ratio (SNR) and the probability of detection for a given
probability of false alarm [1]. However, in the presence of
unknown parameters, such as carrier frequency offsets (CFOs),
a filter matched to the transmitted signal does not correspond
to the optimum detector. As a consequence, the MF metric
experiences a performance degradation that depends on the
characteristics of the reference signal. It has been shown that
linear frequency modulated signals or chirps are CFO tolerant
and therefore a suitable option as reference signals for an MF-
based detection in environments with potentially high CFOs
[2].

Using a reference signal composed of a linear chirp fol-
lowed by its complex conjugate, the estimation of the symbol
timing offset (STO) and the CFO can be accomplished based
on the coupling between time and frequency offsets obtained
at the outputs of the corresponding MFs [3]. However, due to

sampling in a digital receiver, certain CFO values can lead to a
significant degradation of the MF metric that may compromise
the accuracy of the STO estimation.

Reversed autocorrelation (RC) is an approach that exploits
the existence of time reversed complex symmetry in the refer-
ence signal for fine STO estimation [4]. In [5], an RC-based
approach is applied for accurate time synchronization, making
use of the symmetry properties of a reference signal generated
by the concatenation of one up-chirp and the corresponding
down-chirp. This approach, although robust against CFO,
suffers from noise amplification due to the multiplication of
received samples, and therefore, it cannot provide a reliable
STO estimation in the low SNR regime.

Considering the individual strengths of MF and RC, this
work proposes a new approach for time synchronization that
improves the STO estimation accuracy obtained by matched
filtering, while ensuring a high probability of detection in
low SNR operating conditions. The theoretical probabilities
of detection achievable with MF and RC under the presence
of time and frequency offsets are derived and their validity
is discussed. Finally, numerical results are shown to corrob-
orate the efficiency of the proposed algorithm in solving the
estimation ambiguity inherent in an MF-based approach.

The rest of the paper is organized as follows: Section II
introduces the system model, the reference sequence and the
general detection strategy. In Section III and Section IV,
the detection and STO estimation approaches corresponding
to MF and RC are reviewed and their theoretical detection
probabilities are derived. The proposed time synchronization
approach is presented in Section V, whilst Section VI evaluates
its performance. Finally, Section VII concludes the paper.

II. SYSTEM MODEL

The received baseband signal in discrete time domain can
be described as

Ho : r[n] = wln],
H1 : r[n] = haln — 0)e??™" + w(n), (D

where the hypotheses Hy and H; account for the absence or
presence of the reference sequence x[n], respectively; w(n]
denotes complex AWGN with zero mean and variance a,%;

h = |h|e’® represents the complex channel gain, unknown
but constant over the transmission of the reference sequence;



the STO 6 is normalized by the sampling time and modeled
as an integer number, whilst the CFO ¢ is normalized by the
sampling frequency.

A. Reference Sequence

The reference sequence considered in this work can be
expressed as

n=20,1,..,.N —1, )
n=N,N+1..,2N —1,
where s,[n] corresponds to a polyphase code P4 [6] with
linearly increasing frequency and it is given by

(2
= e”(W‘") (3)

)

where N is the length of the sequence in samples. Hereinafter,
s%[n], the complex conjugate of s,,[n], is denoted as s4[n], and
the sequences s,,[n] and s4[n] are referred to as up- and down-
chirps, in view of their similarities with the corresponding
continuous time linear up- and down-chirps.

Since the reference sequence has unity power, the SNR
at the receiver under hypothesis H; can be defined as
SNR = |h|?/02.

B. Test Statistic

The detection strategy involves comparing the test statistic
T, defined as the absolute value of a certain metric at its
maximum, to a predefined threshold . The correct hypothesis
is chosen based on the result of the comparison:

7‘[0:
7‘[1:

T <n,
T2>7.

The test statistics, the corresponding thresholds and the STO
estimation algorithms associated to the MF- and RC-based
metrics are described in the following sections.

III. MATCHED FILTERING

In MF-based detection, the received signal is filtered with a
filter that is matched to the transmitted signal. Given the struc-
ture of the reference sequence defined in (2), two different MFs
can be applied. In this section, the matched filtering process
associated to each component of the reference sequence is
explained. Whilst for the STO estimation, the outputs of both
MFs are needed, only one MF is required for frame detection.
With focus on the MF matched to the up-chirp s, [n], its output
is analyzed in detailed and used as the basis for the derivation
of the theoretical detection probability.

A. Metrics

Under the assumption of causality, the impulse response of
the filter matched to the sequence sp[n] can be formulated as

gpln] = sp[N —1—n], “4)

where p € {u, d}. In the presence of z[n], filtering the received
sequence r[n] with g,[n] and g4[n] provides the outputs

Muypun] = Myruun] + Mypu,an] +wyn], ()
Myr,an] = Myraun] + My pa,an] +waln], 6)
where .
Muyppuln] = Z hsulk — 0]e?*™* g [n — k], @)
k=—oo

Myppaln] = Y hsalk — N = 0]e’* g [n — k], (8)

k=—o00
)

> wlklgyn — kl. )

k=—oc0

wy[n] =

Muyrpuwn] and Mpypaaqln] are the terms of interest,
which are evaluated below. The cross-terms, My, q[n] and
Msr,a.4[n], represent the interference, which can be consid-
ered negligible for large values of N. Finally, w,,[n] and wg[n]
refer to the noise components.

The magnitudes of Myspy[n] and My pq.q[n] can be
written as

|Muspuu[n']] = |h](1=|n'|)N

sinc (N (n' 4+ €)(1 — |n']))
sinc(n/ + €) 7
(10)

sinc (N (n” — €)(1 — |n"]))

M 1 — h 1_ " N
|Marr,a,a[n”]| = |h|(1=[n"]) sinc(n” — )

(11)
where
—(@+N-1
P L A ) (; ) and n" =

n—(0+2N —1)

(12)
The global maximum of |Masp o [n']| and |Map,q.q[n”]|
can be found at

n,, = argmax | Marpuu[n]], (13)

ny = argmax | Marr.a.q[n”]| 14)

/,L//

respectively. The corresponding indexes n,, and ng4 are given
by

ny =0+ N—1—[eN], (15)

ng=0+2N — 1+ [eN], (16)
where [.] represents rounding to the nearest integer value, and
[eN] corresponds to the integer part of the CFO, normalized
by fs/N, with sampling frequency fs.

Considering the effects of rounding, the maximum of the

magnitude of |Masp ., [n)]| can now be expressed as

m(e)] = |B] (1 — |e,]) v |SRe V(e = &) (1 = Jer]))

sinc (e — €;,.)

a7
where ¢, = [e N] /N.

Fig. 1 shows the value |m(e€)| (blue) as well as the magni-
tude of the global maximum obtained at the output of the MF
after filtering s, [n] with the corresponding MF g, [n] (red),
for different values of CFO and in the absence of noise. The
length IV of the sequence s, [n] is set to 64 samples.
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Fig. 1: Theoretical value |m(e)| and max, |MaF,u[n]| obtained
through simulations for a sequence s,[n] of length N = 64
samples and in the absence of noise.

B. Test statistic

Considering the output of the MF matched to s, [n], the test
statistic is given by

Trr = max | My g, [n]]. (18)

It can be shown that, under Hg and H1, Ty is distributed
according to a Rayleigh and a Rician distribution, respectively.
Hence,

Rayleigh (o,,,), under H,
Tyvr ~< " (19)
Rician (|m(€)|,0,,-), under Hy,
where
our =\/NJ20,. (20)

The probabilities of false alarm and detection can be ex-
pressed as

7 2
PFA,MF :ng (O_I;F) y PDvﬂlF(E):QX;2(>\) <UJ§IF> ,
MF e b

where \ = |m(e)|?/o?, .. The functions Q,z(.) and QX;Q(A)(.)
denote the right-tail probabilities of central and non-central
chi-squared random variables with 2 degrees of freedom,
respectively. The decision threshold «,,,. used to select among

the hypotheses can be described in terms of the Pr4 ,, . as

Tvr = \/_NO-E 1n(PFA71WF)'

The probability of detection derived above depends on
a deterministic CFO value e. For randomly distributed e,
with probability density function p(e), a new probability of
detection can be derived as

(22)

€max

| Posr(@pdee

€min

Pp =

yMF

(23)

C. Symbol Timing Offset Estimation

The STO can be estimated using the indexes n, and ng,
defined in (15) and (16), respectively, as

R Ny +ng — 3N +2
Opr = D) .

IV. REVERSED AUTOCORRELATION

(24)

Exploiting the central symmetry generated by the concate-
nation of an up- and a down-chirp in the reference sequence, a
metric can be defined for the purposes of frame detection and
STO estimation. This section reviews the RC metric, derives
the associated theoretical detection probability and presents
the STO estimation approach.

A. Metric
The RC metric is defined as
N-1
Mpoln] = rln+k|r2N +n— k], (25)
k=1

where the lower limit of the sum, & = 1, has been appropri-
ately selected to only take into account the product terms with
the aforementioned symmetry.

B. Test Statistic

The test statistic can be written as

Trc = max |Mprcn]|. (26)

Based on the central limit theorem, the output of the RC
can be approximated by a Gaussian distribution for sufficiently
large values of N. Thus, the expected value and variance
[7] of the product of independent and identically distributed
random variables applies. Based on this assumption, the Trc
is distributed according to

The: ~ Rayleigh (0., ), under Hy, 27
Rician (|h|*(N = 1),0,.,), under H;.
where
N -1
oo = 5 o2, (28)
N-1
Oroa — \/ 9 (2|h|2 + 03,)0”- (29)

False alarm and detection probabilities are given by
2 2
gl 2

Pra,pe = ng (02RC ) v Ppope = QX’;()\) <02RC ) )

where A = (2(N — 1)|h|*) /(02 (2|h|* + 02)). Hence, the de-
tection probability is independent of the CFO. For a given
Pr A, 5., the decision threshold v, can be written as

Yoo = \/—(N — 1o In(Pra, s )- (€29
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Fig. 2: Magnitude of the outputs of the up- and down-MFs for different values of CFO, normalized by fs/N. The reference sequence
consists of one up-chirp followed by its complex conjugate, each of length N = 64 samples. The results are obtained under AWGN

channel conditions with SNR = 10dB.

C. Symbol Timing Offset Estimation
The argument of the maximum value at the output of the
RC provides an estimate of the STO:

Orc = argmax |Mpc|[n]|. (32)

V. PROPOSED APPROACH

The STO estimated by the outputs of the MFs, as described
in (24), is subject to inaccuracies due to the presence of noise
and fractional frequency offsets (FFOs). The FFO, defined as
the fractional part of the CFO normalized by f,/N, is a major
source of degradation of the output of the MFs. This behavior,
described by (10) and (11), is exemplified in Fig.2 for a
reference sequence according to (2) with N = 64. The global
maximum can be clearly identified at the output of each MF
when no FFO is present (see Fig.2 (a)). However, for IFFOI
values close to 0.5 two maxima of similar amplitude can be
found. Fig.2(b) shows that these maxima, contaminated by
noise, exhibit fluctuations in their magnitude and cannot be
uniquely distinguished. As a consequence, the use of their
positions for the STO estimation may lead to wrong values.

The above described situation highlights the potential STO
estimation ambiguity. This ambiguity can be detected by
examining the estimated value 0 M F- In fact, the presence of a
fractional STO can be considered an indicator of ambiguity
and should be the condition that triggers the use of the
proposed algorithm. In this case, a sliding window RC with
starting indexes given by LéMFJ, LéMFJ +1 and U@MFJ + 2,
are performed. Each individual output is associated to a
different correcting offset factor that can be used to refine
the initial STO estimate. Requiring the calculation of three
RCs, this approach has a computational complexity of 3N — 3
complex multiplications.

Algorithm 1 lists the key steps of the above-described ap-
proach.

Algorithm 1 STO ambiguity resolution

1 if mod (é]y[p, ].) 75 0 then
2 sto_code = [—101];
3 Oini = [Onr s

4 rc_vec = [|;

5 for n =0 to 2 do
6

7

8

rc_vec[n] = calculate_rc(r, Oini, N);
Oini = Oini + 15
end for
9 code_idx = arg max,, [rc_vec[n];
10 A= sto_f:ode(code_idx);
11 eﬁne = LeMFJ + A
12 elseA .
13 Ofine = [Onr);
14 end if

VI. SIMULATION RESULTS

In this section, the validity of the derived theoretical detec-
tion probabilities and the performance of the proposed algo-
rithm are evaluated. An up-chirp, of length N = 64 samples
and a bandwidth of 180 kHz, followed by its associated down-
chirp, has been used as reference sequence for detection and
time synchronization under flat fading channel conditions. For
the simulations, a uniformly distributed CFO in the range
[—18, 18] kHz has been generated, which, e.g., could represent
a transmission at 900 MHz with an accuracy of 20 ppm for
the local oscillators. Likewise, the arrival time is considered
uniformly distributed, taking integer values from the interval
[0, 10] samples. The signal processing is performed at Nyquist
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Fig. 3: Probability of detection obtained with MF and RC.

rate, assuming previous down conversion and subsequent low
pass filtering of the received signal.

A constant false alarm rate of 10~° with adaptive decision
threshold according to (22) and (31) is considered for every
detection approach. Fig.3 illustrates the theoretical and ex-
perimental probabilities of detection associated to MF- and
RC-based detection. The simulation results obtained with the
RC metric, in red, are in good agreement with the theory,
especially in the moderate to high SNR regime, verifying the
validity of the theoretical model. For MF-based detection, in
blue, a small difference between theory and simulation can
be observed. Here, the theoretical results can be considered a
lower bound for performance evaluation. The reason for the
discrepancy is the correlation introduced in the MF metric
by FFO values close to +0.5f;/N in the received signal. In
accordance with (20) and (29), the effect of noise amplification
experienced by the RC yields lower detection performance for
small SNR values.

Fig.4 depicts the STO estimation performance by showing
the mean of the absolute STO estimation error for various
SNR values. Since the time offset is assumed to be an integer
number, the estimation obtained with the MFs according to
(24) is truncated to its integer part. Due to the FFO, the MF-
based approach cannot provide an error free STO estimation,
even at high SNR conditions. The proposed approach is
implemented using the estimated LéMFJ as a reference. As
evident from Fig.4, it reduces the estimation error in the
moderate SNR region and successfully eliminates the STO
estimation ambiguity for SNR values above 0dB.

VII. CONCLUSIONS

In this paper, the detection and timing synchronization
performance achievable by matched filtering and RC has been
analyzed, utilizing the properties of reference sequences that
consist of a linear up-chirp followed by its complex conjugate.

The theoretical probability of detection associated to each
metric has been derived and their validity has been demon-
strated by means of simulations. Whilst theoretical and sim-
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Fig. 4: Mean of the absolute STO estimation error obtained with
MFs (blue) and the proposed approach (red).

ulation results exhibit almost perfect coincidence for RC-
based detection, they slightly differ for MF-based detection
due to the correlation introduced by the FFO. In this case,
the analytical expression can be considered a lower bound of
detection performance.

The performance evaluation of the proposed approach has
shown that the implementation of a sliding window RC
with restricted maximum search can successfully eliminate
estimation ambiguities inherent in MF-based STO estimation.

Based on the presented evaluation, matched filtering can be
recommended for frame detection and STO estimation in the
low SNR regime and the alternative RC-based algorithm for
high SNR values, where it has proven to be more effective in
exploiting the symmetry of the reference sequence.
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